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I. irTTRODUCnOU 



Design engineers, spxwred by the continuoius denand for a better and 
nore efficient product, constantly face new and varied problems. Aiaong 
these, those arising from heat are of Increasing significance. For 
example, KOdern electric motors have become smaller and more ixjwerful 
units. This has resulted in hifiher operating teinperatures , Likewise, 
in the modem airplane, the need to reduce drag has caused closer cowling 
of engines. The need to operate in severe weather conditions has added 
problerrr; of hot ducts and tlis increase in over -all speed has brought 

problems of Icinetic heating. All these design features have introduced 
new problems of thermal stress for the designer. These problenss arise 
in the following manner. hTien a liinterial or structure is subjected to a 
temperature gradient, or when a coc^sosite structure consisting of two or 
more materials is heated iiniformly, or non -uniformly, the various fibres 
tend to expand different amounts according to their resTiectlve tempera- 
tures and coefficients of expansion. Since the structure is continuous, 
the indlvidTial fibres are not free to expand individually and hence 
constrain each other. These constraints give rise to therraal stresses, 
the magnitude of which, depends on the tespe nature levels and the 
meclianical and physical properties of the material. The I’m! stress can 
produce structural collapse in two ways: (l) by material failure, (2) 

by inducing instability. Eucidiag is a most important consideration in 
design since it can give rise to sudden and luiexpected stnactm*al 
collapse . 

Kaw it is the hard fact of engineering reality, that a theory is 
only valid if it can be precticolly substantiated. Therefore, the purpose 
of this paper is to report an investigation of the buckling behavior of 
a thin circular ring heated along its inner edge. Data on terig)eraturc 
distribution, buckling tirae and mode are presented, and this information 
correlated to determine a buckling parameter. Both fixed and free edge 
conditions are considered. 
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II. APPARATUS fSD IfTSTRUmfTATIOH 



2.1 Bpsic &:-?erlnent 

Aa a thin disc is subjected to a therjaal gradient, a stress 
distribution is ferried. When the stresses reach a certain critical 
value, buckling occrxrs and the plate is deflected frcsi its original 
olrape. It vas the purpose of this investigation to perfora a set of 
tests to detoraine if experimental results agree vith theoretical 
calculations. The experinsents vere conducted on a fnially of thin 
annular plates vith the outer edge both clamped end free. 

2.2 Details of the Tost Speeixaon 

To insure a plain stress condition, the plate thickness cpist be 
stall enou^ to prevent a stress gradient across it. Also a thinner 
plate is oore consistent vith the assvsaption of no gravity forces. 
Hovrever, when the thickness is too small, it is difficult to mintain 
an initially flat plate. From these conslderatioris, the choice of 
mterial vas 0.032 in. Alnac* and 0.074 cold roll steel. Tvo complete 
sets of rings vero tested, each set being of a different material 
and consisting of three plates vith a fixed outer edge and free inner 
edge, and three completely free plates. The inner radius of all 
test specimens was one and ons-ei^th inches in order to accommodate 
the heating source. The Moire ffethod (see Appendix I) vas used to 
determine buckling. Thus a nin:*or-like finish was x*equired on the 
surface of each plate. The Alzac had a hl^ mirror finish and the 
steel was niclDel plated. 1Vl)ical test specimens are shown in Fig.l. 

A i-epresentative base and looking ring are shown in Fig. 2. For the 
free edge condition, the outer one inch of the test plate radius 
rested fi-eely on the base ring. In the fixed edge case, the locking 
riJig clamped the outer one inch to the base. Thus the effective radius 
in this case vas one inch 3jess tlxan the actual radius of the specimen. 



• Sixper pure aluminum electro-polished and cnodised. 












* 













•I 




I 






















«• 



A 









9 0tf% 









.1 






999 * t 






«• 











» 




»' 




I 




«»• 



I 














-p 4 •* 



Fig. 2 



TYPICAL MOUrJTING RING 



^'fcthcid of Heatln,-^ 

After careful consideration, the heater shown in Fig. 3 vas adopted 
and consists of three resistance wire eleaients. The middle loop is 
centered approximtely one thirty-second of an inch from the inner edge 
of the speclcen. The remaining two loops are located above and below 
the edge. An oven is for»aed by the heater jacket and acts to stabilize 
the temperature around the inner pheriphery. In Fig. 4 the heater is 
shown in position for a typical fixed edge test. 

2.4 Teniperatiurg Survey 

A capacity discharge welder was used to make chromel-aiunel 
theroDcouples and to attach thorn to the test specimens. It was very 
difficult to veld the transducers to alximinumj however, after nruch 
experimenting, it was found that a successful bond could be made when 
the welding current ■was passed through the chromel wire to the plate. 

The thermal emf *s were recorded on a Consolidated Engineering 
Corporation Recording Oscillogmph , type 5-104B, with a room temper- 
atxire reference junction. The oscillograph galvanometers were cali- 
brated using a Leeds eind Northrup Portable Potentiometer, and had 
sensitivities of the order two inches per millivolt. The response 
time of the recorder •v:as \roll within the limits of the experiment. 
Tliermocouple location is indicated in Pig.5> and a typical oscillo- 
graph record is shcr/m in Fig. 6. 

While checking trar^sducer accuracy it ■was found that convecti've 
air currents from the slide projector cooling fan caused erratic 
temperature readiiigs. This vas corrected by ducting the exhaust air 
away. Experiments also revealed that radiation from the open face of 
tl'je oven caused heat to flew down the thermocouple leads to -blie refer- 
ence junction, thus causing a false indication of plate temperatxzre . 

On the inner edge the erroneous value of temperature rise ■was almost 
tx'ice the actual -value. This was corrected by nivcing finely ground 
firo clay with Duco SR-4 cement and forming a protective bead around 
the thermocouple. Fire clay powder vas carefully jaclasd aroxmd the 
transducer after the exposed thermal junction was welded to the specimen 
thus ccm^leting the insulation. 
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Fig, 3 



HEATER UNIT 
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Fig. 4 



FIXED EDGE TEST PLATE ASSEMBLY 
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THERMOCOUPLE LOCATION 
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Fig. 6 TYPICAL OSCILLOGRAPH RECORD 



2.5 Development of BuclJ.ln's Observation Technique 



The essence of experiiaeats Involving buckling is the acciirate 
dcteraination of its occurrence. Since buckling of plates is influ- 
enced by loads nornsil to its plane, it is clear that the cjeans of 
neasxirenent should not infltience the expericicnt. Even a snail inter- 
action between the transducer and the plate would alter appreciably 

2 

tlie results of the tests. In planning this experlnent careful consider- 
ation \ra.s given to a nuraber of different transducers; but the resultant 
study showed that whether they be of the vauriable reluctance, linear 
potent iosietcr, or capacity type, an interaction existed. Admittedly, 

In the latter case the effect was small. However, optical techniqxies 
clearly provide no interaction whatsoever. Thus it was decided that 
an optical loethod should be adopted. After soec research, the I'lolre 
1-fethod described in Appendix I was chosen. 

In the dcveloTsaent of the tssthod it generally became apparent 
that there were a nunber of added advantages. In pax'ticular, the method 
gave such a fine inspection procedure that only the very best specirsens 
were used in tlie study. The jpx^at power of the technique is llliistrated 
in Fig. 7 where the fringe pattern from a rejected specimen clearly 
sliows two dimples of approximately 0.C02 in. depth. The inspection 
procedure was also used to check the flatness of the moxuiting ring 
siurfaces. Again, the sensitivity of tlie method was illustrated when 
a slope of 0.0005 in. was found on the one inch moxxnting svurfaco of 
tlie twelve inch base plate. In this case irregular patterns occurred 
when a test speclssn was bolted in place. Subsequent jaachlning removed 
the slope. 



2.6 De teminat ion of Buckllag 

The test apixiratus and instrumentation Is shown in Fig. 8. Frees! 
the back aide of the focusing plate, the image of the test plate and 
the ^foire fringe x>attem are clearly visible. Specific, reference points 
were located on the milk glass sci*een by first focusing a colored line 
pattern on the test plate. Phj''sical points on an axis norml to the 
projected lines were referenced with respect to individual colored lines. 
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REJECTED TEST PLATE DURING INSPECTION 
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Fig- 8 BUCKLING MEASURING EQUIPMENT AND INSTRUMENTATION 
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The projected line pattern vas then refocused on the milk glass screen 
and in this vay the corresponding coordinate points were determined. 

A black and vhlte slide vas used for the actual testing because it gave 
better contrast and frin(^ definition. The optical system was such 
that a slide coxild be changed without changing the position of the 
coordinate points. However, since their position is defined relative 
to any given set of lines , when the test plate moves the coordinate 
points cliange position on th& focusing plate. To account for this, 
tlie laoveiacnt of the fringe at any given coordinate point is lacasured 
as the ordinate from the intersection of the fringe and an appropriate 
line from the fixed set of lines. 

A vertical scale end an electric clock with sweep second hand 
were placed in the viewing field of the focusing plate. One channel 
of the oscillographic recorder vas used for a pulse indication of 
buckling time with the pulsing circuit triggered mechanically by the 
observer. Fringe moveraent was recorded on 16 rm Tri-X reversal film 
nt approximately ten frames per second. A Bell and Howell caraare with 
a 1: 2.0/16 lens and f3 lens opening vas used. The setting vas two 
stops less than ixidicated by a light meter to give better contrast and 
fringe definition. 

It vaB found that on observer could consistently detect buckling 
of a twelve inch outer dituastcr disc when the inner edge was deflected 
between one-lialf and one one -thousandth of an inch. It is relatively 
easy to detect when a moving object comes to rest, but exceedingly 
difficult to determine when laotion starts, partlcTJilarly if acceleration 
is slovr. Therefore, projecting the film record in reverse made the 
job of checking buckling time relatively slTi^tle. The fringe patterns 
before and after buckling are shown in Figs. 9 and 10 respectively. The 
mode of buckling was determined by a qualitative insx>ectlon of the fringe 
pattern. 
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FRINGE PATTERN BEFORE BUCKLING 




FRINGE PATTERN AFTER BUCKLING 





III. TCSTINa FR0CC3UBE 



3.1 StiO'/e 

A tvelvt inch <niter diameter anivalvs vas :sed in the initirl test 
inw to coiTelate t'-’"'- exr<erir,ient . The, »./:■ I’afeio of C.271 vts uccjt 
laid ranco for the ccrres^rndin isothersnai buchliiv, ;,,c.raE!etcr ' and 
prcvided f> physical size that vao ccrafatible with heater and. optical 
system. The family of test specimens was then chosen to give the 
naxisnra range of ^x » a/h within the physical limits of the apparatus. 

By varying the outer diarjeter from l8 in. to 8 l/8 in. , the span of 
p was from 0.203 to 0.U06. Thu 2 testing schedule is shown in Table I. 

3.2 Accumulation of Data 

The first five runs were not used because convective currents 
caused variance in rate of heating and consequently the temperature. 
After eliminating the air currents, runs 6, 7 and 8 were used to q’jal- 
itatively determine the influence of heating rate on buckling time. 

A variable resistance was put into the ijsater circuit thus reducing 
heater pov/er. Half and one -third power approximately doubled and 
tripled the respective bucliling times. It vas found that reduced pawer 
leiigthened the tiine to such an extent that the most rigid (eight inch 
steel plate with fixed edge condition) specimen would not buckle in a 
reasonable time. Therefore, full power was used in the remaining tests. 
Hie next nineteen runs were used to check accuracy, repeatability, and 
radial symcKtry of the tenpereture profile. The problem of radiation 
effects on thermocouples (see Section 2.U) was corrected and the result- 
ing temperature distribution accurately described the actual values. 

For run 28, the three thermocouples located on the inner edge 120*^ apart, 
gave n. resultant temperature distribution consistent to within one -half 
a degree or 0.015 millivolts. Tlis preliminary testing having been 
completed, the actual runs to compile experimental data started with 
run 29 . 

A total of twenty-nine runs were nade on the twelve inch alzac 
specimen with free outer edge. Throughout these tests the buckling 
time remained at about seven seconds. TJ;us tlie stress distribution at 
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buckling reisained constant. In buckling tests on circular cylinders, 

3 

Holioes found that the bucliling load decreased after repeated testing. 

No such effect vas evidenced in these tests. Furtheraiore , the inspection 
procedure used eliainated the possibility of very soall permanent deforaia 
tions occurring that slight lead to this type of resiilt. 

The buclO-lng mode reraained constant vith a radially syiaaotric dish 
sliape. In eiglit runs the plate buckled up and in three the plate 
budded down. Run 3U provided an example of "oil can" or "snap -through" 
buckling. The inner edge of the ten inch free annulus started to buckle 
up, apiprcxlnately 0.001 in., then snapped through to a budded down 
position of about 0.010 in. There vere tvo readily apparent solutions 
for this phenomenon: 

(1) The therrx>coviples were located in the top surface of the 
snnulus and physical contact with the heater jacket could 
be made when the deflection was upward. The resulting 
vertical load provided the energy to cause the snap-threvigh. 
However, in other cases of upvmrd budding this did not 
occur. 

( 2 ) All specisiens tested were inspected criticsilly ard only the 
best W’ere accepted. How'ever, this specimen had a very small 
in*egularlty near the inner edge in the aj*ea of hipest 
thermal stress. This !nay have given rise to bending moments 
w'hlch caused the phenomenon. 

3,3 Experliasntal Residts 

Experimental results are given in Table II. Sample calculations 
for run 29 are given in Appendix II. A non-dimensional plot of temi^er- 
ature distribution at buckling is given in Fig. 11. This has the general 
form of a rectangular hyx>erbola. Figures 12a and 12b shov? the stress 
distribution for the free and fixed edfje condition respectively. It 
is noted that for the free edge case the annulus becomes less rigid 
with increasing outer diameter and for the fixed edge case t>jere Is an 
intermediate ring for which the rigidity is a mini ra u m . For smaller 
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* HieiTKXJOuplo not coirrected for sligtit diffci’cncos in location 

Critica.1 tenpcrature at r « a frcaa tor^erature profile curves 
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Fig. 11 KON-DIJ^EKSIOilAL 1E]\IPERATORE DISTRIBUTIOH AT BUCKLIIG 



- 20 



f 









I 

j 




I— i 

X 

w 



Fig. 12n FIXED EDGE RADIAL STRR’.’-S- DISTRIBUTION 
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Fig. 12b FKE;E EDGE MDIAL STRESS DISTRIBUTIO' 



outer diajaetcrs the fixed edce condition stiffens the ring and for larger 
diameters the Uniting case is a plate without a hole. The ’bucltLir.g 
parameters for both fixed aiid free edge conditions are given in Figures 
13a nnd 13b respect Iwly. The general trend of the buckling parameters 
Is the sane as in the corrosx)ondlng isotherrsal case of a ring loaded 
with unifora pressure at the oxitcr edge. however, on the thermal problem, 
the fixed edge case is in general, loss rigid than tlie free. This Is 
due to the cosspressive load devcloijed along the fixed edge during the 
application of thex’nol loading. Those buckling forces tend to neutralise 
the norml stiffening effect of the fixed edge, and in fact, overcesne 
it corspletely. Experiitaental evidence shows tlxet at b’uckling both the 
critical temperature T^ nnd time t Isave a clnple relationship with 
the heat energy Q stored within tlie plate. The general e>q?ression for 
heat energy is 



Q(t) 




Tc6 dV 



where c is specific heat and D the density. Hence for an annular 
plate with oxl-syncietric tecrperatvire distribution constant across the 
thicicnecs 

Q(t) *» 2irc5h / Trdr 

-i 

Assuming the following nominal values for physical constants: 







Steel 


Alzac 


Specific 


heat c 


0.12 


0.21 


Density 


5 


0.235 


0.10 



the heat energy at buckling was calculated. Critical temperature is 
shown in Pig.lU ns a function of heat energy, and has the relatioriShip 

T » 2.95 

o 



- 23 - 



f 

8 - 

7 - 

A 




Fig. 13a FIXED EDGE BUCKLIFG COEFFICIEIFI? 




Fig. 13b 



FREE EDGE BUCKLING COEFFICIENT 
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Fig. 1)4. • IIEAT ENERGY - CRITICAL TEMPERATUI® RELMION 



In Fig. 15 'buc^tlinti tinoe is shewn as a function of heat emrey and hs.B 
the relationship 



t 



0.233 Q 






With these relationships critical tei: 5 >erature and tiise of "buckling can 
be predicted. 

3.iv Accuracy 

For chrorsel-aluael thermocouples the einf generated is of the 
nagnltude 0.02 rdllivolts I'er degree. Because of the ext'-c;^iy snail 
voltages and the inherent variables in the associateC neasiiring equip- 
raent, the jaeasured ter^i'attire is accurate to approxlr::mtely half a 
degree frJu'onheit. Alrjost isa-nediately after heat was applied to the 
inner edge, a sciall indication of temperature rise was observed on the 
galvanocaeter trace. The indication then remained alK»st constant until 
the actual tca^rature gradient developed. These fluctuations of up 
to a degree in mgnitude were attributed to external sources other than 
temperature, and were neglected in the analysis. Budding times and 
teEqjeraturec were consistent except for rim 3U, in which occurred snap- 
tlirough budding. Tlds had a critical time and tea^rature elrK>st 
double the expected value. The experirxjntal scatter in values of 
bucklir.g coefficient k was of the order ± 10 per cent. 

3.5 Extension of Tests 

The range of results could be exterdod to cover both larger end 
smaller values of jJ. . In the latter case the limiting value represents 
the plate without a hole. IVactically tliis could be accos^lished by 
decreasing the inner radius and using tlie same type heater. A delay in 
budding is to be expected. On the other hand, an increase in hole redius 
should also cause an increase in rigidity for the fixed edge case and a 
decrease for the free plate. 

As a approaches unity there is a transition from the annulus 
problem to one of a thin strip. If tbs outer edge is fixed, the tangen- 
tial stresses will cause budding along tho free edge similar to that 

- 26 - 













•fMi «Li^r« «i 














Ml 













«■» «A 


















i 



•f 



!«• 



^gfiA> 











«« •« t 



m 





4i 












U 



I 





«4b • %TL ^ 



i 






Fly. 15 miAT E^'IERGY - CRITICAL Tltl'l RFI/>TJON 
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IV TICORY 



Basic Assunv^tlons 

The annulas is perfectly flat, of uniforni thictn cs, hcaaOt:eneo^s 
and perfectly elastic raaterlal, unifora teaiperature, end free frosi 
stresses in its initial state. The ratio h/b is very s^nli ccrajpered 
to unity and therefore a condition of plain stress er.ists, Edse 
conditions and temperature distribution remain perfectly axisyivcsetric 
and the effect cf gravity forces can be neglected. SeaxU deflection 
theory is assumed. 

k .2 General Theranl Stress Equations 

1 h 

From the theory of elasticity‘s^ the basic e<iuilibrium equation is 



o - o_ 

r ^ _r £ ^ Q 

dr r 



the stress-strain relations are 



e - CT = V 
r t ' r G 






E ' C r' 



and vlth the radial displncoment u 



- du ^ u 
r dr ^ Or 



Solving (2) for the stresses 



d » — + ve - (l+v)c^ 



1 - v-2 ‘ 






(1) 



(2) 



(3) 



ih) 



29 - 
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a 



a 





















^ • III * • > 
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^ S 
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mmtf9 mmm 



l«U IP# ^| y-4 l^ A § 





Dubot-itutlng in equation (l) 



d 






(V V 6 q) + (l-v)(€^- (Iq) » ( 1 +v) ra * 5 ^ 



(5) 



end replacing Btrain by the functions given in (3) 



fiji 4. i ^ JL 

, 2 r dr " ^ 

dr 



/, \ dT 

== (l+v) c 



( ) 



Integrating both sides twice 



u 






u / rTdr + c^r •»• *— 
Vi 1 r 



(7) 



where Ct and are constants of integration. Substituting (7) 

X ti 

into ( 3 ) and the results into (J|) gives the general equations 



c * - 
r 



cx / 



~ J Trdr +• — - — ^ [c, (l+v) — ~ (l-v)] 
- 4i 1 - r*^ 



(B) 



Op » / Trdr - gE T + [c (l+v) + (l-v) ] (9) 

r l-v r“ 



i|-.3 Thcntnl Stress KqiVi.tlon3 for Free Edge Condition 
T5ie boiuidary conditions for the free edge case ere 

(a) aO, ( 0 ) *0 

^ i«a r=b 
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Applying the conditions to equation (3) and subtracting 



a ^c(n-v) / 

2 2 J 

- a a 



Trdr 



hence 



(% at / T’rclr 

D - a a 



Substituting in eqiiations (3) end ( 9 ) 



2 2 n"' 1 

- I T— / Trdr - / Trdr ! 



( 10 ) 



f2. 2 r 



0£. ir + a 



'e 2L2 2 J 

r iD - a a 



i Trdr / Trdr 






(11) 



U.lj- Thertaal Stress Equrtlons for Fi>ced Ed»re Condition 
The boundary conditions for the fixed edge case are 



(o ) » 0 , (u) V * 0 

V J,/ > \ 

r*a 



Substituting in equation (3) and solving 



"1 ’ " ."2 



g(i-v)' 



I 



Trdr 



b^(l-v) -J- a^(l+v) 'i 



ca^(ltv)' 



=2 ” " ~ 



b^'Cl-v) + a (l+v) 



Trdr 
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rVf* 




Substicutins in eqtiations (3) end (y) 



0 

r* 



q:C (i~^- a^)(n-v) 
b^*(l-v) + c^(l+v) 



b 

I Trdr + 

t*. 



I 



Trdr S 



( 12 ) 



'0 



aE 

~2 

r 



(A a^)(l->-v>) 
b^(l-v) -f a^(l+v) 



/ ?rdr - / Trdr + t/ 
'"a 



(13) 



^•5 Hie Differential Egiaition for Bt-.d^-inR 



?ron the theory of 



’-lets 



the 



differential eo’jsation for 



a deflected 



ylate is 



y V 



a 

D 



(u.) 



where 

3 

12(l-v‘*) 

and 



v2v . + i 1 ^ 



In the plain stress rrc^les! under consideration ttere are no exter^nel 
leads norsnl to the plate. However, when bucklins cecurs the thermal 
loads in the plane of the annulus ore slijhtly tilted and hence yield 
vertical cc^onents. 

A typical plate elersent is shosrn in Fig.is. Tiie forces are 
assumed to act in the niiddle plane of the eleaent and along the arc 
J^B the fox-ce is h o r dS . Ho\«?ver, the force is tilted by the snail 

angle ’™ so that the vertical cevanonent is hs^i'd5 . C-onsiderinc- 
the arc shifted outward by en araount dr an analogous coaronent is 
acting on CD . The force hcr-dx* ec<-s ilous: the side AC and is 
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TYPICAL RING ELEMENT 
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X Sw , h 

tilted by the angle “ » hence the vertical component ic — o^dr ^ . 

Considering the radial shifted through an angle d0 an analogous 

ecsiponont is acting on ED . The resultant vertical force acting on 

the eleinent ABCD is given by 



(^o^v 



57 



r+dr 



d0 



ho r r— ) 



dC 



■"'H al). 



dr 



v-* 



0+d© 




or 



h 



^ f 

r~ ' cf 
Or : 



5w 



drdO + 



h 5 

75? 



fa ^ 
‘'0 5 ? 



drd0 



Dividing by rd0dr , the area of the element^ yields the specific vertical 
load 



h 5 /I Sw\ , h 5 / 5vr 

‘I “ 7 57 v'r"' 57y ' T 5? (,''0 5? 



Substituting into equation (ik) 



h r 5 ^ 5u\ . 5 / ciw\ 

V V 5 ? ) 5 e , "e Se 

Dr - ^ ^ 



(15) 



which is the general equation for the deflection w . However, for the 
axisyiaastric case, this can be steplified to 



1 _f d j" 2_ JL ^ 

r dr 1 dr i r dr V dr 



h 5 



5w 



Dr 57 V^r^ 57 



Letting ~ integrating 



dr 



L < 3 - / h „ fc 

— — (r-J ; = o r> + c 

r dr 1 D r 
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f#i# f^M* 



!•/ A* 



=rf ^4* 



• i'-?* 



-.■Vt 



or 



1 



+ — 






1 . h 



7C Cf 



Dr r 



where c is a constant of Integration. In the special case tinder 
consideration where the inner edge is alt^ays free, the Koraent and shear 
force oust be zero, consequently the constant c is zero. TSicrefore, 
the differential equation for buciiling is 



1 ^ 
^ 2 r *)r 



i. U. r. 

2 5 °r 



^ = 0 



(16) 



For the outer edge clasiped the boundary conditions becone 






(M). 






For the outer edge free the boundary conditions ere 



7k* r 

0 = ( 



r»a 






It is hnown that this eqiiation is not readily solvable. 
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V CC^ICIiUGIOIS 



In the teoto on an annular plate described in this paper the 
ter^jerature distribution achieved vaa in the fora of a rectangular 
hyperbola. Under these conditions it is shovm that the bucAling 
coefficient can be described by the following equation 



k » 



(l-v^) 



Jforeover, it is demonstrated that the critical tea^peratxire and the 
tlao of bucklir.2 can be related to the increase in heat energy by 
the following equations 



» 2.95 Q 



0 . 561 ^ 



w 



0.233 



q0.404 



55 - 



a?’?eide: I 



Tlie rollowlng Is tiir teKt erf a X-'^per prssentefi "fay J. V. ifc.th«vs 
in Log A:igolGs, CaUfornia, cn 12, l^Cl, tc the Lieveiitli Arinus.1 
Western Region Stiulent Conference of ths Institute .f the / vrcsxe.ee 
Sciences. 
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by 

Lt.Col, W. B. Eltifflna, US^C 

Slid, 

Lt. D. W. M^thewD, UGK 

Stanford University 
Stanford, California 



IIEROIXJCTIOK 



Succoso in expci'izaentttl rescercb depends apon tlie ability to aeasnre 
length, time, and flaics vith precision. Thus over the years, much thoufdit 
has been devoted by expcrlsientaliGts to techniques for detertiining; these 
quantities. Optical rethods have long 'teen accepted as the most precise 
for the deternisieticn of the flatness or shape cf an object. Therefore, 
all engineers are acquainted vith the principles of interfcrcraetery, the 
diffraction grating and the use of the oxjtical cesaperator. 

The structural problem with which we Imve been concerned is t'-ie 
deterainetion of time of bucklin, rad mode, in a plate heated in its 
center. It is clear, in a problem of this kind, that the means cf ners- 
tirencnt should not influence the results of the experiment. 

Thus in o\ir planning, rar^ hinds of traccduccrs or methods were 
considered, but in each cose ve fO'.:nd that there *.*as an inter -act ion 
between transducer and the plate. Auacag the types cf transducers we 
considci’cd were: carieclty type, g^ges, variable x'oluc banco pick-ups end 



T}x£' research outlined in tb.is pcpei* van sporzsored by th* United States 
Air Force under contract no. /F’49(o33)-223, and was carried out in the 
Bepartment of Aei*orKiutical Eni-ineering at Stanford University imder the 
direction cf Professor U. H. Horten. 
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also linear potentioiseters. They vers all discarded in favor of an 
optical irjDthod. Clearly, a straight modification of the hasic inter- 
ferometric principle used for the determination of flatness is not 
possible, l^cause the heat vould cause the c>ptical flats normally used 
on tMs type of vorh, to distort end so woiild interfere with cur 
results. But the ”Moire” pattern to be described in this pamper does 
not Iiave this disadvantage, nor indeed does it in any vay interfere 
with the problem. 

As ve shall show, the method is extareracly simple, accurate, low 
in cost, end readily available in any research laboratoiy. Indeed, the 
phenoasnon has been observed by us all, usually without appreciating its 
significance, tost of us have noticed that the overlapping of two lat- 
tices of nearly equal s®sh produces visible fringe patterns when viewed 
against a light backgromd. Because this effect is merely rsechanical, 
and is not related to the nature of the light employed, it is convenient 
to refer to it os nechanical interference. It Is the purpose of this 
Ipaper, to investigate the possible uses of this phenomenon in connection 
with the detenaination of the buckling of plates. 

GSRERAL 



When a uniform set of parallel lines, produced on a trancpairent 
material, is superposed on another set of identical lines and moved in 
a direction nonjial to them, we get altenmte light end dark lines 
(fig.l). ThiG variation is produced as the two sets of lines alter- 
nately overlap and interlap and is strictly a mechanical effect.. If 
the spacing of one set of lines differs slightly from the other, the 
alternate areas of light and dark occur without relative movcTsent 
(fig. 2 ). The dark areas parallel to the lines ore interference fringes. 

Fringes are also visible when a set of parallel lines, produced on 
a transparent saaterial, is super];x3Bed on another set of parallel lines 
at a sli^t angle (fig. 3). The greater tiae angle between the sets of 
lines, up to a limit of ninety degrees, the greater the number of fringes. 
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For S3all angles, the fringes are at eljaogt right angles to the lines. 

Tlia relation "being given as 90^ * o vbere P is the single between the 
sets of lines. If h is the line specing, the fringe spacing is 

ll P Ml 

^ cosecant ^ . This type of mechanical Interference is as ”Moire*‘ 

frlriges; the name coraing froa the French and ineaning: ^having a wavelixi® 
I>attex'n”. 

The physics of the laethod is extreraely siE^le, it is ncthini;- more 
tlvm the reflection of a ray of light frosi a surface i^ig.k) . The change 
In angle of reflection Is twice the clvinge in cjigle of the reflectinf.- 
surface. If the deflection cf a reflected light ray is m,esitred at a 
l-movn distance, the chruige in sloiie cf the surface can be calculated froji 
geossetry. As a simple expedient in boohkoepinp of the rays, we use rsjve- 
nont in cne direction and alternate the color cf the rays in that direction. 
In our case we use alternating blac’< and white parallel lines. Sensitivity 
of tloD system can be Increased by rneasurinr ciovciiKnt * T the associated 
’’itoire” fringes. The sensitivity is directly proportional t:> the cotan- 
gent cf the angle of rotation between the two sots of su')erposed lines. 

The natliod is not new. It was first repoirted in 19^i-3 by Weller and 
Shepard of the Ifevnl Ordnance Leboratoiy, Washington, D.C. Their short 
paper described some of the pcssibilitiea of the method. It was follo-ed 
in 19^55 ^ paper given by Llgtenbcrg from the Technological University 

of Delft. Tliis paper *tis titled "The Moire Method - A Kev Experiracntal 
Jlcthod for the Detennlnaticn of Moments in Small Slab i-fexlels”. Lijtenber, 
placed a model with a mirror surface in front of a circular screen on 
vliich was ruled six lines jer inch. From the center cf the back of the 
screen, he viewed the reflected lines shewn in the mii'rcred surface. 

Using e camera, he recorded the initial ;j-osition of the reflected lin’s. 

T}.ie model was then loaded in such a ramnei* that tl»j deflections were 
norcjol to the screen and henca the change in slope. s of the loodel surface 
caused the reflected lines to appear in a different 'fcsiticn. A second 
exposure wa.s superposed on the some film cjsd ccnscguentlv after develop- 
isent, "Jioiro" fringes appeared. Prom geometry, slopes of the rnodel weix? 
calculated. 
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LIGHT RAY REFLECTION 
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In orCcr t"* de’/elop a caticfactcry iroceduro ftr I'uc-tlin.: 

deriections in the tliercml stress probieia, vor'.: vas di’/idct! intc three 
staffs : 

li Developrsent of tljc booic optical ;-nd photo ."raphic tecimiqnes. 

2. Application cd' tlia techni<iuos to a fist plate sicpiy supported 
cn two edges. 

3. Actual application to the therasal stress vrohlcm involving 
n thin disc. 

The first stage: A j-oifii'oid land caiaera •»:as 'scd to ranhe a lantern 

slide trEns^rn'cncy of a siot of ruled r-arallel lints. Lir*e end spccin;; 
width wca one-sixteenth cf an inch. A 35 sas slide unde fro*i the trans- 
parency was projected on a 10 X 12 inch alsac test eurfacs with a La 
Belle 500 projector. The iaage cf the lines wes reflected fi*c>ra the test 
surface to a 20 x 20 X l/ti inch !*J.iy. gless focusin* plrtc. Tlie optics 
and eijuiptaent ware sysa^trically placed with respect to 't horizontal 
plane, with tlie parallel lines and eupperting edges of tiv: test plate 
also horizontal (fig. 5)* This orientaticn pi'ovidod ^ciinua intensity 
and contrast heca 'Se cf the surface condition of the test plate. In 
Konufacture of the alsac, ninute scre-tches vex-e ri&ie :n the Giurfece In 
line v'th the direction of rolling. These caused dlffxxsion cf the 
reflected light. With the irojocted lines '^rientrd at ri'/ht to 

the scrc.tches, the diffusion of ligh.t reirJ’orced V>e lines and hcn'--e 
intensity fnd contrast were ct s ai&'.l’a'ir.. 

The Btccnd systea cf jerallcl linos was fci'aud Ivy vlacin. pa.cr 
strips across tlie hack side cf the oilx glees, Inclinea by about ten 
degrees tc the reflecteu horizontal linos. The optical distance of five 
feet prod\vCed lines cf appi'oxiiV»-tcly tlirce-sixtceuvh? cf a:i Inch wide. 
Intensities cf twu sets of vei’s .natched by vai/ln. ll* deesitj 

cf the iai>er stripe. Tt e frixjge lines which r.p;e^.x'cd ",n tn» 

eiilk jflass vci*e ■.'■ucceosfuJ.ly ;h' graphed with b G~r^d Orophl? 

(fiil. ). 
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Fig. 5 



FIRST STAGE APPARATUS 




- Ui;. - 



Fig. 6 



FIRST STAGE FRINGE PATTERN 



It vac foimd tho-t the accuracy of the line spacing vas most important 
in order to produce snooth fringes. Drafting tools %'ere used to rule the 
set of lines photographed in this test, but the uniformity of spacing was 
not the best. It vas also foxind that more lines per inch were necessary 
to eliminate the jagged appearance of the fringes. 

In the second stage, the geometry of the optics in the slsnply sup- 
ported plate problem was as shewn in figure 7. Two assumptions were made 
in o\ir analysis. Delta is much less than B and tan 2-^ is i^uch less 
than one. Since the deflection of the plate is of the order of one-tenth 
of an inch and B is of the order thirty Inches, delta can be neglected. 
The movement of the projected lines on the focusing plate is a function 
of the angle O , which varies for each line. The angle O correspond- 
ing to anj'- projected line can be obtained from geometry. T!ie mxtreum 
value for tan Ct is 0.15 snd for fringe moversents up to about 25 inches, 
the error in assuming tan Ct tan 24» equal to zero is less than 1^. 
Therefore, the equation reduces to D * B tan 2-^ and a solution for 
the slope for any cbseiared line displacement is obtainable. 

One main advantage of this method of measurement lies in the seiisi- 
tivity which is gained by measure’aent of the relatively large aovement 
of the fringe T for sniall movetaent of the reflected line D . The 
slope at a distance x from the origin is therefore determined from the 

r 

equation ton 24 » g tan ^ . 

To demonstrate the sensitivity, three central deflections were xised 
at the one-quarter point of the test specimen. The angle between the 
sets of lines being 10 degrees. For a central deflection of one-tenth 
of an inch, the fringe iK^vement corresponding to the change in sloi>e at 
the one-quarter point was 7 inches. For a deflection of one one -hundredth, 
the fringe raovement was approxlsoately three quarters, and a one one- 
thousandth, a sixteenth. The high sensitivity achieved with this method 
is evident. 

The development is now in the third stage and is based cn the follow- 
ing proposal (fig. 3). In the actual experiment, ter^erature and deflection 
will be recorded versus time freea the Instant the heat source is turned 
on until thermal equilibrixm is reached. A GK)tion picture camera will be 
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used to record ch-nnglng position of the fringes. / stop vntch end scales 
will be inclTided in the photograph to izidicate the tinie on each frane of 
the film and establish the aagnitude of fringe mevement. The determination 
of time of initial buckling is simply fieternined by noting when icoveznent of 
the fringe is apparent in the developed filia. Tlie actual moveaent of the 
fringes can be read by enlarging the appropriate frame for any given time, 
to a convenient size. 

In testlna the thermlly stressed disc, it was desired to mcnxnt the 
disc in a horizontal position, therefore, two plate glass mirix>rs were used 
to reflect the light rays to a more convenient position. 

In preparing the slides for the final test, it was fo'ond that cello- 
phane tape was available in widtiis of one -sixteenth of an inch ar.d larger 
and in a variety cf colors. The tape is sold under tho trade name of 
Applied Graphics Corporation Drafting Tape. 

A very precise set of parallel lines was constructed using thiree 
thirty-seconds tape, on frosted glass. This width was convenient to work 
with end the glass made It easy to adjust the tape. The ixse of tape also 
gave Esaximum definition to the line edge. 

One of the problems with the earlier black end white lines was locat- 
ing on the focusing plate, a point corresi>onding to a si^cific point on 
the tost surface. A particular line could be traced through the optical 
system but because of the nature of the pattern, the lines soon begin to 
interchange and were difficult to follow. The new set was irsxde using 
colored lines alternating black, green, red and blue. The lines, laid 
out in a fifteen inch square on the frosted glass, were photographed with 
a speed graphic camera using strobe lllusilnation. The second set of lines 
was constructed with a spacing of thirty-six lines per foot by making a 
positive from a black and white negative. DuPont "Cronar", a dimension- 
ally stable, high contrast litho film was used for the positive and is 
available in 22 X 29 inch sheets. Tlxe positive was sprayed with ”Ouik- 
Stlck", a spray adhesive, on the emulsion side and simply stuck to the 
two and one -half foot square milk glass focusing plate. 
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A LaBelle 500 projector is used to project the tv.’O ty two slidco 
oriented vith the lines vertical, to ellalni.te ,iroblSuS caused by th- 
double ii3a©2 froa the first surface of the raiirror. In other vcrls, the 
lines are sinply reinforced by their own insB^^e. 

The set of lines is reflected froa the first mirror to the reflect- 
ing surface of the alsac test disc, then to the second mirror and finally 
through the second set of lines onto the mllh glass. From the opposite 
side of the focusing plate, the individtua.1 lines and "J'folre" fringes «re 
clearly visible. Figure 9 illuBtratcs the fringe pattern before buchlinr 
and figure 10 shews the fringes after buckling. The figures were taJ'ajn 
from a l6 cm movie of a test run. The fringe csovoment is converted to 
slope using the derived forroula and deflection obtained by graphical 
Integration of the slope function. 



COKCLOSIONG 



In conclusion I would like to say, while further developsnent is 
clearly req.uired, we believe that this presentation of the ’’Moire" method 
has demonstirated timt it is possible to deterssilne the time of buc^cLing 
of a loaded body with precision, that it is feasible to determine the 
mode of buckling over a relatively large area and thet the equipment 
needed for such investigation is single, inexpensive and readily available 
Since contact with the object under investigation is totally uniKcessary, 
the method can be applied in cases in which environmental conditions or 
interaction problems make the use of normal instn.rmontation cither extreme 
ly difficult or not applicable. 

It is important to point out that changes in deflection are derived 
from cluangos in slope, and therefore the technique is not restricted to 
initially plane surfaces or unloaded specimens. 



Fig, 9 



FRINGE PATTERN BEFORE BUCKLING 




Fig. 10 



FRINGE PATTERN AFTER BUCKLING 
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AFPSIDIX II 



Si\i4PLE CALCULATIONS 



The reduction of data and subsequent calculations for ran 29 were 

obtained in the following laanner. Galvanccneter deflection at buckling 

was lacasured in units of the Oscillograa Header. The corresponding 

nlllivoltage was then obtaiMd using a cunre plotted fi*om a calibration 

run. After a correction for th® room tea^rature reference junction 

was made, standard Leeds and Korthrap Conversion Tables were used to 

find tesgperature in degrees fahrenhcit. For this case room temperature 

was therefore a correction of 0.9^ millivolts \;as added to the 

galvanometer voltage. Subtracting room temperature gave the desired 

rise T . Values are shown in Table III. Temperature rise versus 

r 

radius are slK>wn in Fig.l. Integration of J rTdr was completed 

graphically by plotting the function rT and measuring the area under 
the curve with a plenimeter. See Fig. 2. 

A typical calculation of the stress j^arameter is shown for 
r = 1.825 in. From equation (lO) 
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or dividing both sides by T^ ar.d defining ^ 
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Since r » 1.825 in., a ^ 1.625 in., b » 6 in., and frem Fig. 2 
b pr»lJ )23 

I Trdr » 0.135 end / rrdr «= 0.15^ 
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Tvo extra tiiemocouplos were used on this run and tlTC results ere 
not shciwn in the succnary of data 
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Fig. 1 



RUK 29 - TEllPERATURE DIST.-^IBUTION AT BUCKLlWC- 
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Fig. 2 



RUN 29 - GRAPHICAL INTEGRATION 
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